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We study the chiral dynamics of vector mesons in two-flavor QCD in vacuum by utilizing a functional
renormalization group approach. This allows us to capture the dynamical transition from the quark-gluon
phase at high energies to the hadronic phase at low energies without the necessity of model parameter
tuning. We use this to analyze the scaling of vector meson masses towards the chiral symmetry breaking
scale, the decoupling of the mesons at high energies and the validity of vector meson dominance.
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I. INTRODUCTION
The phase structure of Quantum Chromodynamics (QCD)
is the subject of very active experimental and theoretical
research. A crucial question is how to detect the formation
of the quark-gluon plasma in heavy-ion collisions at ultrarel-
ativistic energies. Vector mesons play a very important role
in this context because they provide promising evidence for
both deconfinement and chiral symmetry restoration. While
the suppression of heavy quarkonium could be a signature
of deconfinement [1], in-medium modifications of light vec-
tor mesons may signal chiral symmetry restoration [2]. The
latter manifest themselves in low-mass dilepton data from
heavy-ion collisions [3–5]. Dileptons escape the fireball
essentially without interaction and couple directly to light
vector mesons such as the ρ. Thus, dilepton spectra show
prominent vector meson peaks which allow for the investi-
gation of in-medium modifications of these mesons [6]. A
connection between the modifications of vector mesons and
chiral symmetry restoration in a hot and/or dense medium
can be established e.g. by considering the scaling of the ρ
mass with temperature [7–9] or the melting of the ρ reso-
nance [10, 11]. This connection is based on the fact that
chiral symmetry restoration implies the degeneration of chi-
ral partners such as ρ and a1. A thorough understanding of
the dynamics of these mesons in QCD is therefore essential
for a complete picture of the QCD phase structure.
In this work we present first results on the properties of
the chiral partners ρ and a1 as they emerge from quark-
gluon fluctuations at high energies. To this end, we study
dynamical QCD based on [12]. It utilizes the functional
renormalization group (FRG) approach to QCD [13–22], ex-
tended by dynamical hadronization [15, 23–25]. This way,
the properties of the hadrons are determined by the underly-
ing dynamics of microscopic QCD and we can conveniently
describe the transition from quarks and gluons to hadrons
non-perturbatively without suffering from a fine-tuning of
model parameters.
We concentrate on two-flavor QCD at vanishing tempera-
ture and density in Euclidean spacetime and develop a scale
∗E-mail: f.rennecke@thphys.uni-heidelberg.de
dependent effective action that captures the relevant dynam-
ics in both, the quark-gluon phase and the hadron phase,
on a qualitative level. Furthermore, we extend the dynami-
cal hadronization technique to include vector mesons. The
present analysis will serve as an starting point for qualitative
and quantitative in-medium studies of vector mesons. It has
been demonstrated in [26] for QCD in the quenched limit,
that quantitative precision is indeed feasible with the FRG
approach to QCD.
Even though we work in the vacuum, the renormaliza-
tion group (RG) scale dependence of parameters such as
the masses reflects their finite temperature behavior. In
particular, there is a critical scale kχ which separates the
phases with broken and restored chiral symmetry. This al-
lows us to study the behavior of hadronic parameters as
they approach the scale of chiral symmetry restoration and
clarify how mesons decouple from the physical spectrum
at high energies. The scaling of the low-energy parame-
ters is uniquely fixed from microscopic QCD. The reason
is that the running of the hadronic parameters is governed
by an infrared-attractive fixed point as long as the gauge
coupling is small [24]. This guarantees that the memory of
the initial conditions of the RG flows of these parameters,
initiated at large, perturbatively accessible energy scales, is
lost and the hadronic phase is uniquely determined within
our truncation.
By exploiting this fact, we can analyze the validity of vec-
tor meson dominance (VMD) [27]. The idea of VMD is to
promote the SU(2)L×SU(2)R flavor symmetry to a gauge
symmetry. This way, ρ and a1 naturally appear as gauge
bosons [28]. The main advantage is that VMD significantly
reduces the number of different interactions involving vec-
tor mesons. The obvious conceptual shortcoming is that
chiral symmetry is only a global symmetry in QCD. Further-
more, even though VMD has lead to accurate predictions
in some cases at low energies [29], it gives e.g. the wrong
phenomenology of ρ and a1 mesons [30]. We therefore
keep chiral symmetry global and compare our results to the
corresponding VMD predictions.
The paper is organized as follows: We motivate our
ansatz for the quantum effective action used in this work
in Sec. II. In Sec. III we first introduce the FRG and dy-
namical hadronization in the presence of vector mesons.
We continue with a discussion of the implications of pi−a1
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2mixing within our approach. At the end of this section, an
outline of our treatment of the gauge sector of QCD is given.
Our results are presented in Sec. IV. After discussing the
initial conditions of the RG flows of our model, we present
our results on the meson and quark masses with particular
emphasis on the scaling of the ρ mass towards the chiral
symmetry breaking scale. Then, we show in more detail
how the mesons disappear from the physical spectrum at
large scales. Lastly, we discuss the validity of VMD. We end
with a conclusion in Sec. V and provide some details about
the RG flow equations in Sec. A.
II. THE SCALE DEPENDENT EFFECTIVE ACTION
We aim at describing the chiral dynamics of two-flavor
QCD at vanishing temperature and density and in particular
the vacuum behavior of the vector meson chiral partners ρ
and a1. Furthermore, we want to capture the dynamics of
QCD over a wide range of scales, taking into account both
quark-gluon dynamics in the quark-gluon phase at large
energies and hadron dynamics in the low-energy hadronic
regime. Thus, we base the construction of the effective ac-
tion we use in this work on well-established renormalization
group arguments. The starting point of our construction is
the microscopic gauge fixed action of QCD. Owing to the
increasing strength of the strong coupling towards lower
scales, effective four quark interactions are dynamically gen-
erated and become physically relevant. They drive the chiral
phase transition, as poles in these quark-antiquark scatter-
ing channels signal the formation of bound states and the
breaking of chiral symmetry.
The tensor structure of the four-quark interaction chan-
nels is directly related to the quantum numbers of the corre-
sponding mesons that are formed in the respective scattering
channel. Therefore, we need to include at least those in-
teraction channels, that carry the quantum numbers of the
mesons we are interested in. In the present case, these are
the Lorentz–scalar-pseudoscalar iso–scalar-vecor and the
Lorentz–vector-axialvector iso–vector-vector channels λS,k
and λV,k. On the mesonic side, these channels correspond to
the sigma and the pion, and the rho and the a1 respectively.
The scalar-pseudoscalar channel is the dominant channel
among all possible quark-antiquark scattering channels in
vacuum. This has been explicitly checked by considering a
complete basis of four-quark interactions [26]. This implies
in particular, that the pions and the sigma mesons domi-
nate the dynamics in the hadronic phase. In this work we
demonstrate explicitly on the example of vector mesons,
that there is an emergent scale hierarchy where only the
lightest mesons, i.e. pions and sigma, can contribute to the
dynamics of the system at low energies. Thus, the prop-
erties of the heavier meson states in Euclidean space are
completely fixed by quark-gluon dynamics at large energies
and pion-sigma dynamics at low energy scales.
To properly take into account the dynamics in the
hadronic phase, we model this sector by an effective me-
son potential which in principle includes arbitrary orders
of mesonic self-interactions. Furthermore, we consider mo-
mentum dependent propagators of the quarks and mesons,
based on a small-momentum expansion, by including scale
dependent wave function renormalizations Zk. To account
for non-vanishing current quark masses, a source term −cσ
in the meson sector explicitly breaks chiral symmetry. It is
directly related to finite current quark masses. As a con-
sequence, pions are massive rather than Goldstone bosons
and the chiral transition is a crossover.
To connect the the quark sector with the meson sector, we
include scalar channel and vector channel Yukawa couplings
hS,k and hV,k. In order to consistently account for the dy-
namical change of degrees of freedom from the quark-gluon
phase to the hadronic phase, we use dynamical hadroniza-
tion as it was put forward in [12]. We will elaborate on
this in the next section. As we will demonstrate there, it
is inevitable to use this formulation here, since the the
elimination of the pi−a1 mixing results in manifestly scale
dependent a1 fields.
In summary, we use the following scale dependent effec-
tive action:
Γk =
∫
x

Zψ,k q¯

iγµDµ

q+
1
4
F aµν F
a
µν + c¯
a∂µD
ab
µ c
b +
1
2ξ
(∂µA
a
µ)
2 +∆Lglue (1)
+
λS,k
2

(q¯q)2 − (q¯γ5~τq)2
− λV,k
2

(q¯γµ~τq)
2 + (q¯γµγ5~τq)
2

+ hS,k

q¯(γ5~τ~pi+ iσ)q

+ hV,k

q¯(γµ~τ ~ρ
µ + γµγ5~τ~a
µ
1 )q

+
1
2
ZS,k(∂µϕ)
2 +
1
8
ZV,k tr

∂µVν − ∂νVµ
2
+ Uk(ϕ,Vµ)

,
with the covariant derivative Dµ = ∂µ− iZ1/2A,k gk Aaµ ta, where
gk =
p
4piαs,k is the strong coupling and ZA,k the gluonic
wave function renormalization. With this definition the
covariant derivative Dµ is renormalization group invariant.
We use Hermitian gamma matrices so that {γµ,γν} = 2δµν1.
3The commutator for the SU(Nc) generators reads [ta, t b] =
i f abc t c and, hence, the trace is positive, Tr ta t b = 1
2
δab. ~τ
are the Pauli matrices. For the field strength tensor we use
the relation
Fµν =
i
Z1/2A,k gk
[Dµ , Dν] . (2)
We work in Landau gauge here, so ξ= 0. For more details
on the gauge part of our truncation see Sec. III C.
The first line of (1) contains the microscopic gauge fixed
action of QCD. As mentioned above, we introduced a run-
ning quark wave function renormalization Zψ,k to capture
some non-trivial momentum dependence of the quark prop-
agator. ∆Lglue stands for the fluctuation-induced part of
the full momentum dependence of ghost and gluon propa-
gators as well as non-trivial ghost-gluon, three-gluon and
four-gluon vertex corrections, for details see [31–33] and
Sec. III C.
The four-quark interaction channels and the correspond-
ing Yukawa interactions are in the second line of (1). The
Yukawa sector arises from the bosonization of the quark
sector. With dynamical hadronization as explained in the
next section, these interactions will basically carry the quark
self-interactions in the quark-gluon regime (see also (A17)
and (A19)).
The third line of (1) contains the meson sector of our trun-
cation. With the running wave function renormalizations
ZS,k and ZV,k for the scalar and vector mesons respectively,
we capture the major part of the momentum dependence
of the full meson propagators [34]. Furthermore, as we
explicitly demonstrate in Sec. IV C, the wave function renor-
malizations play a crucial role for the decoupling of the
mesons at high energies. They are therefore indispensable
for the identification of the physical meson masses.
The meson interactions are stored in Uk(ϕ,Vµ), which
reads
Uk(ϕ,Vµ) =
1
2
m2S,k

ϕ2 −ϕ20

+
1
8
νk

ϕ2 −ϕ20
2 − cσ
− i g1,kVµϕ ·∂µϕ− 12 g2,k

Vµϕ
2
+
1
4
g3,kϕ
2trVµVµ
+
1
4
m2V,ktrVµVµ −
i
2
g4,k tr∂µVν[Vµ,Vν]
− 1
4
g5,k trVµVν[Vµ,Vν] .
(3)
Since within this work our focus is on the qualitative phys-
ical picture of vector mesons in vacuum, we restrict Uk to
relevant and marginal interactions along the lines of [30].
The effect of irrelevant operators, which are potentially non-
negligible if one is interested in quantitative precision [35],
is considered elsewhere. Note that Uk is not an effective
potential, since it also contains the term ∼ g1,k with an
explicit derivative of the scalar meson field.
We use an O(4) representation for the meson fields:
ϕ =

~pi
σ

, Vµ = ~ρ
µ~T + ~aµ1 ~T
5, (4)
and the vacuum expectation value of the mesons is given by
ϕ0 = (0,σ0,k)T . We define the so(4) matrices
(Ti) jk =
−iεi jk ~0
~0T 0

, (T 5i ) =

03×3 −i~ei
i~e Ti 0

, (5)
with i, j, k ∈ {1, 2, 3} and ~e Ti = (δ1i ,δ2i ,δ3i). They obey the
following commutation relations:
[Ti , T j] = iεi jkTk,
[T 5i , T
5
j ] = iεi jkTk,
[Ti , T
5
j ] = iεi jkT
5
k ,
(6)
and therefore T Li =
1
2
(Ti−T 5i ) and TRi = 12 (Ti+T 5i ) form rep-
resentations of SU(2)L and SU(2)R. The mesons transform
under these flavor rotations as
ϕ→ Uϕ , Vµ→ UVµU† , (7)
with U = ei~α~T+i ~β ~T
b
, where ~α and ~β are arbitrary vectors.
For more details on the meson sector of our truncation, we
refer to [30].
With this definitions the scalar-vector and vector-vector
meson interactions in (3) can be written as follows:
−i g1,kVµϕ · ∂µϕ = g1,k
h
(~ρµ×~pi) · ∂µ~pi−σ~aµ1 · ∂µ~pi
+ ~aµ1 · ~pi∂µσ
i
,
− g2,k
2

Vµϕ
2
=
g2,k
2
h
(~ρµ×~pi−σ~aµ1 )2+ (~aµ1 ·~pi)2
i
,
g3,k
4
ϕ2trVµVµ =
g3,k
2

~pi2 +σ2

(~ρµ)2 + (~aµ1 )
2

,
− i
2
g4,k tr∂µVν[Vµ,Vν] = g4,k

∂µ~ρ
ν ·~ρµ×~ρν + ~aµ1 ×~aν1
+ ∂µ~a
ν
1 ·

~ρµ×~aν1 − ~aµ1 ×~ρν

,
−1
4
g5,k trVµVν[Vµ,Vν] =
g5,k
4
h
~ρµ×~ρν + ~aµ1 ×~aν1
2
+

~ρµ×~aν1 − ~aµ1 ×~ρν
2i
.
(8)
As it is evident from (3) and mentioned in the introduc-
tion, we do not assume VMD. This gauge principle would
lead to to the following relations between the different cou-
plings of our truncation:
g21,k = g2,k = g
2
4,k = g5,k and g3,k = 0. (9)
4By inspection of the renormalization group flow of these
couplings, we will show that VMD would lead to an over-
simplification of the dynamics of the system. Nonetheless,
VMD turns out to be a good approximation at low energies,
see Sec IV D.
In the present setup, the masses of the quarks and the
mesons are given by
m2q,k = h
2
s,kσ
2
0,k ,
m2pi,k = m
2
S,k ,
m2σ,k = m
2
S,k +λ4,kσ
2
0,k ,
m2ρ,k = m
2
V,k + g3,kσ
2
0,k ,
m2a1,k = m
2
V,k + (g2,k + g3,k)σ
2
0,k .
(10)
We see that the pi and the σ meson as well as the ρ and
a1 meson have degenerate masses in the chirally symmetric
phase which is characterized by σ0,k = 0. When chiral
symmetry is broken, this degeneracy is lifted. The mass-
splitting of the scalar mesons is then determined by the
quartic scalar meson coupling λ4,k. The mass-splitting of
the vector mesons is determined by the strength of the
interaction g2,k. Note that, owing to the symmetry breaking
source c > 0, we are not in the chiral limit. Thus, the chiral
order parameter σ0,k is always nonzero.
Even though the masses we extract here are the curvature
masses, it was shown in [34] on the example of the pion
mass in a quark meson model, that the curvature mass of
the mesons is almost identical to the pole mass for trunca-
tions that include running wave function renormalizations.
Thus, as mentioned above, we capture the major part of the
momentum dependence of the full meson propagators by
including ZS,k and ZV,k and the masses are very close to the
physical masses.
We note that even though the action contains massive
vector bosons, it is not necessary to use the Stueckelberg
formalism to ensure renormalizability [36]. UV regularity is
always guaranteed for the functional renormalization group,
as long as the scale derivative of the regulator decays fast
enough for momenta much larger than the cutoff scale.
III. FLUCTUATIONS AND THE TRANSITION FROM QUARKS
TO MESONS
In this work we are interested in the dynamical transition
from UV to IR degrees of freedom. To achieve this, we
include quantum fluctuations by means of the functional
renormalization group. For QCD related reviews see [13–
21]. Furthermore, in order to consistently describe the
dynamical change of degrees of freedom, we use dynamical
hadronization [12, 15, 23–25]. This allows for a unified
description of the interplay between different degrees of
freedom at different scales in terms of a single effective
action.
A. Functional renormalization group and dynamical
hadronization in the presence of vector mesons
Here, we follow the discussion given in [12]. In addition,
since this work constitutes the first FRG study of vector
mesons in QCD, we will discuss the implication for the flow
equations and dynamical hadronization in this case.
The starting point of the functional renormalization group
is the scale-dependent effective action ΓΛ at a UV-cutoff
scale Λ. In the case of first-principle QCD, Λ is a large,
perturbative energy scale and correspondingly ΓΛ is the mi-
croscopic QCD action with the strong coupling constant and
the current quark masses as the only free parameters. Quan-
tum fluctuations are successively included by integrating out
momentum shells down to the RG-scale k. This yields the
scale-dependent effective action Γk, which includes fluctua-
tions from momentum modes with momenta larger than k.
By lowering k we resolve the macroscopic properties of the
system and eventually arrive at the full quantum effective
action Γ = Γk=0. The RG-evolution of the scale-dependent
effective action is given by the Wetterich equation [37].
As we have discussed above, a formulation of the effective
action in terms of local composite fields is more efficient in
the hadronic phase of QCD. In order to dynamically con-
nect this regime with the ultraviolet regime of QCD, where
quarks and gluons are the dynamical fields, we use dy-
namical hadronization as it was put forward in [12]. This
implies that the meson fields in (1) are RG-scale dependent.
This yields a modified Wetterich equation, which reads with
Φ = (A,q, q¯, c, c¯,pi,σ,ρ, a1) in a shorthand notation:
∂tΓk[Φ] =
1
2
Tr

Γ(2)k [Φ]+ R
Φ
k
−1 · ∂tRΦk− δΓkδφi · ∂tφi ,
(11)
where φ = (pi,σ,ρ, a1) summarizes the meson fields. ∂t is
the total derivative with respect to the RG-time t = ln(k/Λ)
and the traces sum over discrete and continuous indices of
the fields, including momenta and species of fields. This also
includes the characteristic minus sign and a factor of 2 for
fermions. Γ(2)k [Φ] denotes the second functional derivative
of the effective action with respect to all combinations of
the fields. RΦk is the regulator function for the field Φ. It
is diagonal in field space. Note that in order not to break
chiral symmetry explicitly by our regularization scheme,
we introduced the same regulators for the scalar mesons
and the vector mesons respectively. For details we refer to
App. A. The flow equation can be written schematically as
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⇤. In the case of first-principle QCD, ⇤ is a large, perturba-
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rent quark masses as the only free parameters. Quantum
fluctuations are successively included by integrating out
momentum shells down to the RG-scale k. This yields the
scale-dependent effective action  k, which includes fluctua-
tions from momentum modes with momenta larger than k.
By lowering k we resolve the macroscopic properties of the
system and eventually arrive at the full quantum effective
action   =  k=0. The RG-evolution of the scale-dependent
effective action is given by the Wetterich equation [37].
As we have discussed above, a formulation of the effective
action in terms of local composite fields is more efficient in
the hadronic phase of QCD. In order to dynamically con-
nect this regime with the ultraviolet regime of QCD, where
quarks and gluons are the dynamical fields, we use dynam-
ical hadronization as it was put forward in [12]. This im-
plies that the meson fields in (1) ar RG-scale dependent.
This yields a modified Wetterich equation, which reads with
  = (A,q, q¯, c, c¯,⇡, ,⇢, a1) in a shorthand notation:
@t k[ ] =
1
2
Tr
hÄ
 
(2)
k [ ] + R
 
k
ä 1 · @tR ki   ˙ k , (10)
where   = (⇡, ,⇢, a1) summarizes the meson fields. @t is
the total derivative with respect to the RG-time t = ln(k/⇤)
and the traces sum over discrete and continuous indices of
the fields, including momenta and species of fields. This also
includes the characteristic minus sign and a factor of 2 for
fermions.   (2)k [ ] denotes the second functional derivative
of the effective action with respect to all combinations of
the fields. R k is the regulator function for the field  . It
is diagonal in field space. Note that in order not to break
chiral symmetry explicitly by our regularization scheme, we
introduced the same regulators for the scalar mesons and
the vector mesons respectively. For details we refer to App. A.
The flow equation can be written schematically as
(11)
@t k =
1
2
    + 1
2
Here, the first three diagrams represent the gluon, quark
and ghost contributions to the flow equation and the fourth
diagram depicts the meson contributions. The black dot
indicates that the propagators are the full propagators. The
crossed circles represent the regulator insertion. By inserting
the truncation (1) into the flow equation (10), one gets a
closed set of fully coupled RG-flow equations for the scale-
dependent parameters of the truncation.
  ˙
 
k stands of the modifications of the flow equation due
to dynamical hadronization. The general idea is to store
four-quark interactions entirely in the meson sector at ev-
ery scale k, i.e. we perform a bosonization at every scale
[15, 23–25]. This way, the hadronization fields  , which
carry the quantum numbers of the mesons, become scale
dependent and can be viewed as hybrid fields: while they
encode the quark dynamics at large energies, they behave as
mesons at low energies. That way, a dynamical connection
between these two distinct sectors is established and the
transition scale is an emergent scale which is fixed by the
fluctuations of fundamental QCD. This is in contrast to con-
ventional bosonization by means of a Hubbard-Stratonovich
transformation, where four-quark interactions are stored in
the meson sector at a fixed scale and therefore four quark-
interactions are neglected/mis-counted at other scales [17].
The gauge sector as well as the quarks are not affected
by the hadronization. The modification of the flows of the
meson part   ˙ k can be split into the contributions of the
individual mesons,
  ˙
 
k =  ˙
⇡
k +  ˙
 
k +  ˙
⇢
k +  ˙
a1
k , (12)
(12)
Here, the first three diagrams represent the gluon, ghost
and quark contributions to the flow equation and the fourth
diagram depicts the meson contributions. The black dot
indicates that the propagators are the full propagators. The
crossed circles represent the regulator insertion. By inserting
5the truncation (1) into the flow equation (11), one gets a
closed set of fully coupled RG-flow equations for the scale-
dependent parameters of the truncation.
δΓk
δφi
· ∂tφi stands for the modifications of the flow equa-
tion due to dynamical hadronization. The general idea
is to store four-quark interactions entirely in the meson
sector at every scale k, i.e. we perform a bosonization at
every scale [15, 23–25]. The hadronization fields φ, which
carry the quantum numbers of the mesons, become scale
dependent and can be viewed as hybrid fields: while they
encode the quark dynamics at large energies, they behave as
mesons at low energies. This way, a dynamical connection
between these two distinct sectors is established and the
transition scale is an emergent scale which is fixed by the
fluctuations of fundamental QCD. This is in contrast to con-
ventional bosonization by means of a Hubbard-Stratonovich
transformation, where four-quark interactions are stored in
the meson sector at a fixed scale and therefore four quark-
interactions are neglected/mis-counted at other scales [17].
The gauge sector as well as the quarks are not affected
by the hadronization. The scale dependence of the mesons
is given by their flow ∂tφi , which reads for the individual
mesons
∂t ~pi= A˙kq¯γ5~τq ,
∂tσ = A˙kq¯iq ,
∂t ~ρ
µ = B˙kq¯γµ~τq ,
∂t~a
µ
1 = B˙kq¯γµγ5~τq− C˙k∂µ~pi .
(13)
Note that the structure of the mesons as quark-antiquark
bilinears becomes apparent in this formulation. A˙k and
B˙k are the hadronization functions. Their precise form is
not determined a priori. In accordance with the discussion
above, we fix them such that the fermionic self-interactions
that drive chiral symmetry breaking and reflect the meson
content of our theory are stored in the meson sector. Thus,
the the four-quark interactions are completely absorbed into
the meson sector, enforcing
∂tλS,k = 0 and ∂tλV,k = 0 . (14)
Note that this formulation eliminates all double- and/or
mis-counting problems, which potentially occur in models
including both quark and hadron degrees of freedom [12].
(14) yields the following hadronization functions:
A˙k =− 12hS,k ∂t

φ
λS,k
B˙k =− 12hV,k ∂t

φ
λV,k ,
(15)
where ∂t

φ
denotes the scale derivative with fixed hadroniza-
tion fields. These hadronization functions give rise to modi-
fied running couplings of (1). They are given in App. A.
In addition to the quark-bilinear term with the quantum
numbers of the corresponding meson in (13), the flow of
the a1-meson has an additional contribution proportional
to ∂µ~pi. This term arises because the so-called pi−a1 mixing
leads to an additional scale dependence of the a1 meson,
which has to be taken into account and fixes C˙k. We will
elaborate on this point in the next section.
B. pi−a1 mixing
Spontaneous chiral symmetry breaking leads to a non-
vanishing vacuum expectation value σ0 of the σ meson and
the resulting mixing term
Γpia1 =−
∫
x
g1,kσ0 ~a
µ
1 ·∂µ~pi , (16)
implies an off-diagonal two-point function Γ(2)k . This is
referred to as pi−a1 mixing. Here, we will eliminate this
mixing by a redefinition of the a1 field,
~aµ1 −→ ~aµ1 +
g1,kσ
m2V,k + (g2,k + g3,k)σ
2
∂µ~pi . (17)
This redefinition of the a1 field renders it explicitly RG-scale
dependent, ∂t~a
µ
1 6= 0. Before we discuss the implications of
this scale dependence, we turn toward the resulting mod-
ifications of the effective action (1). If we plug (17) into
the truncation (1), the part of the action leading to the
mixing term (16) is canceled and various new terms ap-
pear. Since the replacement (17) introduces terms ∼ ∂µ~pi,
the interactions of our original ansatz (1) receive modifi-
cations with explicit momentum dependence. Within this
work, we define all running coupling at vanishing external
momentum, see App. A. Thus, for interactions that are not
explicitly momentum dependent in our original action, these
modifications simply drop out of the beta functions. Only
the meson anomalous dimension ZS,k and the scalar-scalar
vector interaction g1,k receive non-vanishing modifications.
The new term ∼ (∂µ~pi)2 yields for the pion wave function
renormalization
Zpi,k = ZS,k −
g21,kσ
2
0,k
m2a1
. (18)
While the wave function renormalizations do not enter RG-
invariant beta functions, their the anomalous dimension
ηk = −(∂tZk)/Zk does. Thus, (18) yields a modified pion
anomalous dimension.
The other relevant modification affects the ρpipi vertex,
which now reads
Γ(3)ρpipi = g1,k
 
1− g2,kσ
2
0,k
m2a1,k
!
. (19)
Since we define the coupling g1,k via this vertex, this has to
be taken into account in the corresponding beta function,
see App. A.
6The elimination of the pi−a1 mixing entails a shift of
the a1 field which includes running couplings. As a con-
sequence, the a1 field becomes RG-scale dependent itself.
As we have discussed in the previous section, we use the
dynamical hadronization technique which implies that all
meson fields are scale dependent. The scale dependence
of a1 induced by (17) is additional to the one induced by
dynamical hadronization. The total scale dependence of a1
is now given by the RG flow
∂t~a
µ
1 = B˙kq¯γµγ5~τq− C˙k∂µ~pi . (20)
The first term stems from dynamical hadronization and
reflects the quark-bilinear nature of the a1 meson. The
hadronization function B˙k is given in Eq. (15). The second
term is a result of the diagonalization of the meson two-
point function and according to (17) C˙k is given by
C˙k = ∂t

g1,kσ
m2V + (g2,k + g3,k)σ
2

. (21)
In summary, chiral symmetry breaking leads to an off-
diagonal meson two-point function. Diagonalization leads
to modifications of the pion anomalous dimension and the
ρpipi interaction and introduces an additional scale depen-
dence to the a1 meson.
C. Gauge sector
Here, we briefly discuss the gauge sector of our truncation
(1). We follow the approach to dynamical QCD which was
put forward in [12] and refer to this work for further details.
The gauge couplings induced by three-point functions
play a dominant role in the description of interactions. Most
importantly, effective four-quark interactions are generated
by strong quark-gluon interactions during the RG flow in the
quark-gluon regime. As discussed above, these four-quark
interactions drive the chiral phase transition and the forma-
tion of mesons in the corresponding quark-antiquark scatter-
ing channels. We therefore solve the full flow equations for
all three-point functions in QCD, i.e. the quark-gluon ver-
tex gq¯Aq,k, the three-gluon vertex gA3,k and the ghost gluon
vertex g c¯Ac,k.
In order to keep the description as simple as possible,
despite the rather large number of running couplings we
consider here, we restrict our analysis to vanishing exter-
nal momentum in the n-point functions. Together with an
appropriate choice of the regulator function Rk, this yields
analytical flow equations, see App. A. Furthermore, only
the classical tensor structures are taken into account in
the gauge sector. It has been shown in [26] for quenched
QCD, that both non-trivial momentum dependencies and
non-classical tensor structures in the gauge sector lead to
important quantitative corrections resulting in larger gauge
couplings in favor of stronger chiral symmetry breaking. To
phenomenologically account for these effects, we introduce
an IR-strength function ς(k) which smoothly increases the
gauge couplings by a factor ∼ 1.17 in the non-perturbative
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Figure 1: The running of the different strong couplings in compari-
son to the 1-loop running.
regime at scales k < 2GeV, while it leaves the gauge cou-
plings unchanged in the perturbative regime. For more
details we refer to [12].
We also include four-gluon interactions via the four gluon
vertex gA4,k. For the sake of simplicity, we choose a semi-
perturbative ansatz that ensures the correct perturbative
running and set
gA4,k = gA3,k . (22)
This approximation is valid for semi-perturbative scales and
larger, k ¦ 1.5 GeV. At smaller scales, non-perturbative
effects potentially lead to a different running.
In summary, we consider the following vertices in the
gauge sector:
Γ(q¯Aq)k = Z
1
2
A,kZq,k gq¯Aq,k S
(3)
q¯Aq ,
Γ(A
3)
k = Z
3
2
A,k gA3,k S
(3)
A3
,
Γ(A
4)
k = Z
2
A,k g
2
A3,k S
(4)
A4 ,
Γ(c¯Ac)k = Z
1
2
A,kZc,k g c¯Ac,k S
(3)
c¯Ac .
(23)
The classical tensor structures S(n)Φ1...Φn are obtained from the
gauge fixed classical QCD action ΓΛ by
S(n)Φ1...Φn =
δnΓΛ
δΦ1 . . .δΦn

gk=1
, (24)
where we have omitted indices for clarity. The definitions
of the flow equations of the gauge couplings can be found
in App. A. The different running gauge couplings follow
the perturbative running for scales k ¦ 4GeV, while non-
perturbative effects lead to a different running at smaller
scales. Fig. 1 shows our results for the running gauge cou-
plings.
7For the gluon and ghost propagators we use the two-point
functions
Γ(2),YMA/c,k (p) =
1
ZYMA/c,k(p
2)p2 + RA/ck
, (25)
computed in [38, 39] for pure YM theory as input, and in-
clude matter back-reactions in order to describe unquenched
QCD [12]. We make use of the fact that within our construc-
tion the propagators enter the flow equation only via the
corresponding anomalous dimensions
ηA/c,k =−∂tZA/c,kZA/c,k , (26)
where we only consider external momenta p=k and define
ZA/c,k = ZA/c,k(k2). The anomalous dimensions of YM are
functions of the YM gauge couplings. Thus, in our case,
where we identified the four-gluon running coupling with
the three-gluon running coupling, we have
ηYMA/c,k = η
YM
A/c,k

gYMc¯Ac,k, g
YM
A3,k

. (27)
The gluon anomalous dimensions ηA,k of full QCD consists
of a pure gauge part ηglue,k and the vacuum polarization
∆ηA,k induced by quark fluctuations,
ηA,k = ηglue,k +∆ηA,k . (28)
We include the full vacuum polarization at vanishing exter-
nal momentum. For details see App. A. For the pure glue
contribution of dynamical QCD we make use of (27): Since
we know that the anomalous dimensions can be expressed
as functions of the gauge couplings, we replace the the pure
YM gauge couplings in (27) by those of dynamical QCD,
ηglue,k = η
YM
A,k

g c¯Ac,k, gA3,k

. (29)
In practice, we use the approximation gYMc¯Ac,k = g
YM
A3,k,
which is valid down to the semi-perturbative regime,
and parametrize ηYMA,k by only one coupling, i.e. η
YM
A,k ≈
ηYMA,k(g
YM
c¯Ac,k). Then, we can use a numerical fit function
ηYMA,k(g) extracted from the input (27) and insert the cor-
responding QCD coupling. This yields our final expression
for the gluon anomalous dimension of QCD:
ηA,k = η
YM
A,k(g c¯Ac,k) +∆ηA,k . (30)
We proceed analogously for the ghost anomalous dimen-
sion. There, no direct quark corrections arise in QCD and
we only need to adapt the input anomalous dimension from
YM to QCD. As it turns out, ηYMc,k is very well described by
a function linear in g2k . We therefore find for the ghost
anomalous dimension of dynamical QCD:
ηc,k =
 
g c¯Ac,k
gYMc¯Ac,k
!2
ηYMc,k . (31)
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Figure 2: The RG-flows of the scalar and vector yukawa couplings
h¯S,k, h¯V,k. The thick and thin lines correspond to different initial
values of the couplings at different initial scales.
IV. RESULTS
A. Initial Conditions
We initiate the RG flow of the effective action (1) at
the initial scale Λ=20GeV and therefore deep in the per-
turbatively accessible quark-gluon regime. Hadronic de-
grees of freedom will become relevant at much lower, non-
perturbative scales. Owing to the dynamical hadronization
procedure, the RG flows of our model are completely fixed
by specifying the free parameters of the microscopic gauge
fixed action of QCD, i.e. the strong coupling and the cur-
rent quark mass. Even though we choose a priori different
flow equations for the strong couplings αq¯Aq, αA3 , αc¯Ac , the
gauge principle enforces them to be identical in the per-
turbative regime. The initial value of the strong couplings
implicitly sets the scale, and we choose αi,Λ = 0.163 for
i= q¯Aq,A3, c¯Ac, which corresponds to Λ≈ 20GeV. Indeed,
Fig. 1 shows, that the gauge couplings are all identical and
follow the perturbative 1-loop running down to k≈4GeV,
where non-perturbative effects start to induce differences
between these couplings.
The current quark mass mUVq is related to the explicit
symmetry breaking parameter c in (3) via
mUVq =
hS,Λ
m2S,Λ
c. (32)
We choose for the renormalized parameter c¯Λ = 3.9GeV3,
which yields an pion mass in the IR of Mpi,0 = 137.5MeV.
We note that the physical parameters are rescaled with
appropriate powers on the wave function renormalizations
to ensure RG invariance, see App. A and in particular (A3).
The physical (or renormalized) quark and meson masses
are defined as
Mq,k =
mq,k
Zq,k
, and Mφ,k =
mφ,k
Z1/2
φ,k
. (33)
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Figure 3: Renormalized masses (33) as a function of the RG-scale. Masses in the shaded area are larger than the cutoff scale and therefore
decoupled from the dynamics.
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Figure 4: Effective propagators (A9) of the matter fields as a
function of the RG scale. They are a measure for the effective
strength of the fluctuations of the fields.
With slight abuse of terminology, we refer to mk as bare
mass. They are given in (10).
The initial conditions of the mesonic parameters can be
chosen arbitrarily. In the regime of weak gauge coupling,
the flows of these couplings are governed by an infrared-
attractive fixed point [24]. Thus, as long as the initial scale
is large enough, we find unique solutions for the meson
parameters at low energies. This is given as long as the
initial meson masses are chosen larger than the UV-cutoff
scale, Mφ,Λ ¦ Λ. That way, the mesons do not contribute to
the dynamics of the system at high energies. Furthermore,
to ensure that our initial conditions correspond to QCD, the
ratio h2S/V,Λ/m
2
pi/ρ,Λ has to be much smaller than Λ
−2. It
corresponds to the four-quark coupling λS/V,Λ at the initial
scale. A large initial value of the four-quark coupling would
describe a gauged Nambu–Jona-Lasinio model with strong
coupling, rather than QCD.
The independence of the IR-physics on the initial values
of the meson sector is demonstrated in Fig. 2 and Fig. 7.
There, we have chosen initial values at different initial scales
(10 and 20 GeV) that differ by many orders of magnitude
and one nicely sees that the initially different trajectories are
attracted towards a unique solution in the hadronic regime.
B. Masses
In Fig. 3 we show our results for the quark and meson
masses. The left figure shows the masses over the full range
of scales we consider here, while the right figure shows the
region for k < 600 MeV. For scales k ¦ 400 MeV all mesons
are decoupled from the flow. At these scales the dynamics
are driven completely by current quarks and gluons. At
about 400MeV, the degeneracy of the pi and σ masses as
well as the ρ and a1 masses is lifted due to chiral symmetry
breaking. pi, σ and the constituent quarks are the dynamical
degrees of freedom in this region. The vector mesons are
always decoupled. Thus, the vacuum structure of the vector
mesons is determined by quark and gluon fluctuations at
large scales and the fluctuations of the lightest mesons, the
pi and σ, at lower scales.
This is also shown in Fig. 4, where the effective propa-
gators also reflect this scale hierarchy. They are defined
in App. A and in particular (A9) and are a measure for
the strength of the fluctuations of the fields. Vanishing of
the effective propagator of a field implies that this field
does not contribute to the dynamics of the system. Thus,
we see that at large energy scales the quarks are the only
dynamical matter fields. There is only a relatively small win-
dow, 100 MeV< k < 500 MeV, where the scalar mesons are
dynamical and one nicely sees that the sigma mesons decou-
ples earlier that the lighter pions. Vector meson fluctuations
are always negligible.
Indeed, an explicit calculation of a complete set of four-
quark interactions in Euclidean spacetime shows that the
scalar-pseudoscalar channel is the dominant channel [26].
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Figure 5: Scalar and vector wave function renormalization as
function of the RG scale. We normalized them to be 1 at the IR
scale k=30MeV.
This implies that the only relevant meson degrees of freedom
in vacuum are pi and σ. We note that this picture will
change in Minkowski space, since different channels will
become relevant as soon as the momentum is close to the
corresponding mass pole.
The behavior of the masses as function of the RG scale k
reflects their scaling with temperature T . In particular, the
running of the masses at vanishing temperature is qualita-
tively very similar to the temperature dependence at k = 0.
In Fig. 3 we see that the ρ mass is almost constant in the
hadronic phase and only grows slowly close to the pseudo-
critical scale. This in line with the in-medium behavior of the
ρ mass observed within effective field theory studies, which
reproduce the data on vector meson spectral functions and
dilepton spectra very well [6]. For a sensible comparison,
however, we also need to compute the in-medium modifica-
tions of the masses within our QCD-based approach.
Our predicted masses for the vector mesons show a quite
large discrepancy from the observed masses. We find for the
renormalized ρ mass Mρ,0 = 990 MeV, which is about 29%
larger than the observed mass of 770MeV [40]. For the a1
mass we find Ma1 = 1077 MeV, which is about 15% smaller
than the observed mass of 1260 MeV. The value of the ρ
mass is fixed mainly by the fluctuations in the quark-gluon
sector. This can be seen from the definition of the masses,
(10), the observation that m¯V,k runs only very little in the
hadronic regime and that g¯3,k is very small (see Fig. 7).
Thus, the strength of the four-quark interaction λV,k, which
is determined by the strong coupling, essentially fixes the
ρ mass. Furthermore, according to (10), the mass-splitting
of ρ and a1 and therefore the mass of a1 is determined by
the flow of the hadronic sector at low energies. We note
that the situation is different for pi and σ: the mass of the
pion is fixed by its nature as a (pseudo) Goldstone boson
and the strength of explicit symmetry breaking in terms of a
finite current quark mass. In any case, the mass-splitting of
chiral partners in the phase with broken chiral symmetry is
sensitive to the quality of our truncation in the hadronic sec-
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Figure 6: Bare masses of the mesons, m2
φ
= Zφ,k M2φ,k, see (10) and
(33). Note that we normalized the wave function renormalizations
to be 1 in the IR at k=20 MeV here.
tor. Thus, the small mass of a1 is a signal for a shortcoming
of our truncation there and may be related to momentum
dependencies that were taken into account insufficiently.
The large value for the ρ mass can also be attributed to
the insufficient inclusion of momentum dependence, but in
the quark-gluon sector and in particular in the four-fermi
interaction λV,k. We evaluate this interaction at vanishing
external momentum, see App. A, and it is possible that we
underestimate its strength this way. A larger λV,k leads to
smaller vector meson masses. Since the present work is the
first study in this direction, aimed at capturing the qualita-
tive features, we defer a thorough quantitative analysis to
future work.
C. Decoupling of the Mesons
Mesons are not present in the quark-gluon plasma. In a
formulation of the dynamics of QCD on a very wide range
of scales in terms of one scale dependent effective action,
as in the present work, however, hadronic parameters are
necessarily a part of the action also at very large scales. As
we have demonstrated here, the meson masses are much
larger than the cutoff scale in the quark-gluon regime and
therefore the mesons are completely decoupled in this phase.
We want to emphasize that this physically desirable picture
is achieved with dynamical hadronization. The decoupling
of the mesons is triggered by a rapid fall-off of the meson
wave function renormalizations ZS/V,k at the pseudocritical
scale. Their running is shown in Fig. 5. While they stay
almost constant in the hadronic regime, they rapidly fall-off
at about 400 MeV. The scalar meson wave function renor-
malization ZS,k drops about eight orders of magnitude and
that of the vector mesons, ZV,k, about seven orders of mag-
nitude towards the UV. The fastest drop-off is in the vicinity
of the pseudocritical scale kχ ≈ 400 MeV. The reason is
that quark fluctuations decrease the meson wave function
renormalizations in the quark-gluon regime. Their flows
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are proportional to the corresponding squared Yukawa cou-
plings, ∂tZS/V,k ∝ −h¯2S/V,k ZS/V,k, at scales k ¦ kχ , resulting
in large negative beta functions, see Fig. 2. Since the wave
function renormalizations are the coefficients of the kinetic
terms in the effective action (1), their vanishing implies that
the mesons become auxiliary fields and are therefore not
part of the physical spectrum at large energy scales.
This is reflected in the behavior of the bare masses, i.e.
the masses without rescaling with the wave function renor-
malizations, m2φ = Zφ,k M
2
φ,k (33), shown in Fig. 6. The
bare masses would not decouple in the quark-gluon regime:
while they do not differ from the renormalized masses
(Fig. 3) in the hadronic regime where the wave function
renormalizations are almost constant and of order one, they
are constant in the quark-gluon regime. Thus, at large scales
the bare meson masses are always much smaller than the
the cutoff scale. Without the rapid fall-off of the meson
wave function renormalizations, the mesons show no decou-
pling, resulting in an unphysical high-energy phase. Note
that the constant bare masses imply in particular that the
running of the physical masses is exclusively driven by the
anomalous dimensions of the corresponding mesons at large
energy scales.
Since the wave function renormalizations only enter the
set of flow equations through the corresponding anomalous
dimensions, the flow equations for the wave function renor-
malizations do not need to be integrated for the solution
of the system and all results are independent of the initial
values ZΛ. For illustration purposes, we have chosen the
initial conditions such that ZS/V,0 = 1.
D. Vector Meson Dominance
The principle of vector meson dominance (VMD) entails
that the SU(N f )A × SU(N f )V flavor symmetry is treated
as a gauge symmetry. In this case, the vector and axial-
vector mesons appear as gauge bosons of the scalar and
pseudoscalar mesons. This simplifies the effective action in
the hadronic sector, since the gauge principle significantly
restricts the number of possible different interactions and
there is only one running coupling for interactions involving
vector mesons. Here, we do not apply VMD. As a conse-
quence, we have a priori different running couplings g1−5,k,
while VMD implies
g1,k = g4,k =
p
g2,k =
p
g5,k and g3,k = 0 . (34)
As we have discussed above, the advantage of our approach
is that the hadronic parameters are uniquely determined
by the dynamics in the quark-gluon phase, i.e. microscopic
QCD. Thus, even though we have a large parameter space in
the meson sector, model parameter tuning is not necessary.
This allows us to study the validity of VMD in an unbiased
way by comparing our results to (34). In Fig. 7 we show
our results for the running of g¯1−5,k.
Or results show that, while VMD does not hold exactly,
it is a good approximation. In particular the couplings
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Figure 7: The RG-flow of the vector-vector and vector-scalar meson
couplings g¯1−5,k. The thick and thin lines correspond to different
initial values of the couplings at different initial scales. Vector
meson dominance would imply (34).
g¯2,k, g¯4,k and g¯5,k are very close together. Only g¯1,k is con-
siderably larger than the other couplings. If we define the
error one would make by assuming VMD by the standard
deviation of these couplings in the IR, we find it to be
about 16% of the mean average of these couplings. g3,k,
which is explicitly forbidden for local chiral symmetry, is
well approximated by VMD. It is very close to g3,k = 0 at
the pseudocritical scale and assumes only a small finite
value at lower scales. The flow of g3,k is proportional to
the chiral order parameter σ0,k. Thus, with large positive
anomalous dimensions, the renormalized coupling g¯3,k is
driven to values very close to zero at large energy scales.
The construction of our effective action is based on a small
momentum expansion (derivative expansion) and we define
all running coupling at vanishing external momentum, see
App. A. The momentum scale of our results is therefore given
by k. Thus, our findings in the hadronic regime correspond
to small momentum scales k ≤ 400MeV. A comparison
of effective field theory predictions assuming VMD with
experimental results for the electromagnetic form factor of
the pion show that they agree within 10-20% accuracy at
momentum transfer q2 ® 1GeV2 [29]. Thus, our results
for the validity of VMD are in very good agreement with
phenomenological findings.
We note again that the thick and thin lines in Fig. 7
correspond to very different initial conditions for the flow
of the couplings. The flows in the hadronic phase as well as
the final value of the couplings in the IR are prediction of
our analysis without any model parameter fixing.
V. CONCLUSIONS AND OUTLOOK
A thorough understanding of the dynamics of vector
mesons in QCD is essential for our understanding of the
phase structure of strongly interacting matter. Since these
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low-energy degrees of freedom ultimately derive from mi-
croscopic QCD, the dynamical connection between the high-
and low-energy sector of QCD needs to be captured. To this
end, we have presented the first functional renormalization
group study of vector mesons in QCD. Our focus was on
how the dynamics of the lightest meson chiral partners, pi,
σ and ρ, a1, emerge from the dynamics of quarks and glu-
ons. We have developed a scale dependent effective action
that captures the dynamical transition from the quark-gluon
regime to the hadronic regime, including vector mesons, in
a qualitative manner. The key ingredient is the dynamical
hadronization technique, which allows for a consistent de-
scription of the transition from high-energy to low-energy
degrees of freedom. This entails in particular that the prop-
erties of the hadronic regime are fixed by the quark-gluon
fluctuations at high energies. Thus, no fine-tuning of model
parameters is necessary and e.g. the meson masses and
the running of the mesonic parameters can be viewed as
predictions from first-principle QCD.
We have demonstrated explicitly that, within this Eu-
clidean formulation, there is an intriguing scale hierarchy
emerging, where the hadronic contributions to the dynamics
of the heavier mesons are determined solely by the fluctua-
tions of pi and σ.
The masses of ρ and a1 are almost constant and only
slightly grow towards the pseudocritical scale. Since the
behavior of the masses as a function of the RG-scale re-
flects their finite temperature behavior, this gives a hint for
the in-medium scaling of these masses. Our predictions
are in agreement with the findings of phenomenologically
motivated effective models.
We have emphasized the important role that the meson
wave function renormalizations play for the decoupling of
the meson degrees of freedom at high energies. They fall-off
many orders of magnitude in the vicinity of the pseudocriti-
cal scale. This triggers a rapid growth of the renormalized
meson masses and the mesons become auxiliary fields in
the quark-gluon phase.
Since the properties of the mesonic parameters in our
model are fixed by the QCD flow, we have been able to
make an unbiased analysis of the validity of vector-meson
dominance. Our results show that while VMD does not hold
exactly, it is a good approximation within an accuracy of
about 16% at small momentum scales. This is in agreement
with phenomenological findings.
In this study we focused on qualitative features and given
the lack of quantitative precision, in particular for the mass-
splitting of the mesons in the chirally broken phase, there
is a lot of room for improvement and refinement. In partic-
ular the extension of our truncation in the hadronic sector
and a thorough analysis of momentum dependencies are
important next steps.
This work serves as a starting point for the study of the
in-medium modifications of the vector mesons and their
spectral functions within functional renormalization group
methods for QCD.
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Appendix A: Running couplings
In this section we provide some details about the RG flow
equations of the running couplings of our truncation (1)
together with the modifications that result from dynamical
hadronization (13). Due to excessive length of the explicit
flow equation, we only present their definitions here. For
the derivation of most of the equations we used an extension
of DoFun [41] which utilizes Form [42] and FormLink [43].
This extension was developed and first used by the authors
of [26]. With the truncation (1), the Wetterich equation
(11) and the definitions given below, the flow equations of
the couplings are uniquely specified.
Physical parameters are RG-invariant quantities. To
achieve this, all fields are rescaled with their respective
wave function renormalizations, Φ→pZΦ,kΦ, and all cou-
plings are rescaled with appropriate powers of the wave
function renormalizations accordingly, see below. This en-
tails in particular, that the wave function renormalizations
enter the flow equations only through the corresponding
anomalous dimensions,
ηk =−∂tZkZk . (A1)
The physical, i.e. RG-invariant, parameters of the action are
defined as
ξ¯k =
ξk
ZnAA,kZ
nq
q,kZ
nc
c,kZ
nφ
φ,kZ
nV
V,k
1/2 , (A2)
where
ξk ∈{gq¯Aq,k, gA3,k, gA4,k, g c¯Ac,k, λS,k, λV,k, hS,k,
hV,k, mS,k, mV,k, νk, ck, g1−5,k} ,
(A3)
is one of the running couplings of our truncation (1).
nA, nq, nc , nφ , nV are the numbers of gluon, quark, ghost,
scalar meson and vector meson fields respectively, that are
attached to the coupling ξk. The physical masses are given
by (33). Note that the definition of the gluonic vertices (23)
implies that the gauge couplings are already RG-invariant.
Thus, in that case g¯k = gk and we omit the bars.
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We use 4d regulator functions of the form
RAk(p
2) = ZA,k p
2rB(p
2/k2)Π⊥ ,
Rqk(p
2) = Zq,k γµpµrF (p
2/k2) ,
Rck(p
2) = Zc,k p
2rB(p
2/k2) ,
Rφk (p
2) = Zφ,k p
2rB(p
2/k2) ,
RVk (p
2) = ZV,k p
2rB(p
2/k2)Π⊥ ,
(A4)
with the transversal projection operator
Π⊥µν = δµν −
pµpν
p2
. (A5)
For the bosonic and fermionic regulator shape functions rB
and rF we use the optimized shape functions [44]
rB(x) =

1
x
− 1

Θ(1− x) ,
rF (x) =

1p
x
− 1

Θ(1− x) .
(A6)
The flow equations presented in the following are derived
using these specific regulators. They have the advantage,
that the loop-momentum integration can be performed ana-
lytically and, consequently, all beta functions can be given
in analytical form. Furthermore, we work in Landau gauge,
fix the Euclidean spacetime dimension to d=4 and color
and flavor are fixed to Nc=3 and N f =2.
First, we explain the effective propagators used in
Sec. IV B and in particular Fig. 4. The propagators in mo-
mentum space are of the form
GB,k(q) =
1
ZB,kq2
 
1+ rB(q2/k2)

+m2B,k
,
GF,k(q) =
1
Z2F,kq
2
 
1+ rF (q2/k2)
2 +m2F,k ,
(A7)
for bosons and fermions respectively. For the specific choice
of regulator shape functions (A6), they read
GB,k(q) =
Θ(k2 − q2)
ZB,kk2 +m2B,k
+
Θ(q2 − k2)
ZB,kq2 +m2B,k
,
GF,k(q) =
Θ(k2 − q2)
Z2F,kk
2 +m2F,k
+
Θ(q2 − k2)
Z2F,kq
2 +m2F,k
.
(A8)
To be consistent with the low-momentum expansion our
construction of the effective action is based on, we define all
running couplings at vanishing external momentum. This
entails that all integrands of the loop-momentum integra-
tions are proportional to Θ(k2 − q2) which stems from the
scale derivative of the regulator ∂tR
Φ
k in the flow equation
(11). Thus, only the first term of the propagators in (A8)
contributes in the final flow equations. We therefore de-
fine the effective propagators relevant for the flows of the
physical quantities as
G¯Φ,k =
1
1+ (MΦ,k/k)2
. (A9)
Vanishing G¯Φ,k implies that the field Φ does not contribute
to the dynamics of the system.
We proceed with the definition of the flows of the gauge
couplings. The explicit form of the flow equations is given in
[12]. Here, we only present our definitions for completeness.
As we have discussed in Sec. III C, we compute all three-
point functions of QCD, but restrict them to have only the
classical tensor structure. We therefore define the flow of
the quark-gluon vertex gq¯Aq as
∂t gq¯Aq,k =
1
8N f (N2c − 1) limp→0 Tr
 
γµ t
a δ
3∂tΓk
δqδAaµδq¯
!
Φ=Φ0
,
(A10)
where Φ0 = (0,0,0,0,0,0,σ0,k, 0, 0) is the vacuum expec-
tation value of the mean field Φ = (A,q, q¯, c, c¯,pi,σ,ρ, a1).
The trace runs over all external indices and includes a loop-
momentum integration. The limit denotes that all external
momenta are set to zero. We define the three-gluon vertex
gA3,k via the projection
∂t gA3,k =
i
12Nc(N2c − 1) limp→0
∂ 2
∂ p2
(A11)
Tr
 
δµν pσ f
abc δ
3∂tΓk
δA(p)aµδA(−p)bνδAcσ(0)
!
Φ=Φ0
.
Since as an approximation we evaluate all flow equations
at vanishing external momentum, the ghost-gluon vertex
g c¯Ac,k only has canonical running. The diagrams that con-
tribute to the beta function are proportional to the external
momentum and therefore vanish here and we are left with
∂t g c¯Ac =
1
2

ηA,k + 2ηC ,k

g c¯Ac . (A12)
Since we approximate the four-gluon vertex with the three-
gluon vertex, see (22), we do not need a separate equation
for this coupling.
Next, we discuss the flow of the four-quark cou-
plings. Here, we consider two channels, the scalar–
pseudoscalar channel with coupling λS,k and the iso-vector–
iso-axialvector channel with coupling λV,k. Some caution
is advised when four-fermion interactions are included in
the effective action. A specific quark-antiquark interaction
channel can always be expressed as an linear combination
of different interaction channels with two spinor fields in-
terchanged. This can potentially lead to ambiguities in the
corresponding bosonized models since different sets of com-
posite states can be related to one and the same fermionic
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action (see e.g. [20]). This is known as the Fierz ambigu-
ity. While this ambiguity can lead to large uncertainties in
mean-field calculations, appropriate approximations that
go beyond mean-field in RG studies can minimize these
uncertainties [45].
Indeed, as explicit calculations considering the RG flows
of a Fierz-complete basis of four-quark interactions have
shown [26], the scalar-pseudoscalar (S−P) channel is the
dominant channel in vacuum, while all other channels are
strongly suppressed compared to this channel. Furthermore,
the dynamical hadronization of only the (S−P) is sufficient
to render all four-quark interaction channels finite at the
chiral phase transition. Thus, the error we make from not
using a Fierz-complete basis is expected to be small. We
therefore restrict our model to contain only two physically
relevant channels. In order to study the properties of the
corresponding composite fields, we dynamically hadronize
both channels here.
We define the running coupling of the scalar-pseudoscalar
channel via the projection
∂t

φ
λS,k =
1
8N f Nc(2N f Nc + 1)
(A13)
× lim
p→0 Tr

δABδCD
δ4∂tΓk
δqAδq¯BδqCδq¯D

Φ=Φ0
,
where A, B, C , D abbreviate the color, flavor and spinor
indices of the quarks. For the vector-axialvector channel we
choose
∂t

φ
λV,k =−13 ∂t

φ
λS,k (A14)
− lim
p→0 Tr

PABCDV
δ4∂tΓk
δqAδq¯BδqCδq¯D

Φ=Φ0
,
with the projection operator
PABCDV =
1
192N f Nc
δABδCDγ
αAαB
µ γ
αCαD
µ . (A15)
Here, αA,B,C ,D is the spinor index of the respective quark
field. The Kronecker deltas are summed over the remaining
color and flavor indices.
We note that these projections give the flow equations
for scale-independent meson fields, i.e. without dynami-
cal hadronization. Dynamical hadronization enforces (14).
Nevertheless, the flows of the four-quark interactions de-
fined in (A13) and (A14) play a major role for the dynamics
of the system and enter the hadronized flow equations in
the meson sector via the hadronization functions (15).
Following the discussion in [35], we define the scalar
Yukawa coupling hS,k via the quark-antiquark two-point
function as:
∂thS,k =
−i
4N f Nc σ0
lim
p→0 Tr

δAB
δ2∂tΓk
δqAδq¯B

Φ=Φ0
. (A16)
Taking dynamical hadronization into account, the total flow
of the renormalized scalar Yukawa coupling is
∂t h¯S,k = ∂t

φ
h¯S,k − k−2M2pi,k ˙¯Ak , (A17)
where ˙¯Ak = k2Z
1/2
S,k Z
−1
q,k A˙k and A˙k is given by (15). According
to (10), the scalar channel Yukawa coupling defines the
quark mass.
We define the vector Yukawa coupling hV,k via the ρqq¯
three-point function as
∂thV,k =
1
16Nc(N2f − 1)
lim
p→0 Tr

γµ~τ
δ3∂tΓk
δ~ρµδqδq¯

Φ=Φ0
,
(A18)
where contractions over the remaining indices with Kro-
necker deltas is implied. Splitting the flow into the con-
tributions with and without dynamical hadronization, we
find
∂t h¯V,k = ∂t

φ
h¯V,k − k−2M2ρ,k ˙¯Bk , (A19)
with ˙¯Bk = k2Z
1/2
V,k Z
−1
q,k B˙k and B˙k given by (15).
We want to emphasize that the modifications of the
Yukawa couplings in (A17) and (A17) proportional to A˙k
and B˙k are crucial for the dynamical hadronization proce-
dure. They guarantee that the ratio h2S/V,k/m
2
pi/ρ,k replaces
the four-quark interactions λS/V,k, which vanish due to dy-
namical hadronization, in the quark-gluon phase. This way,
the modified Yukawa couplings capture the relevant quark-
gluon dynamics at large energy scales, while they act as the
usual Yukawa couplings in the hadronic regime.
Next, we discuss the mesonic couplings of our truncation.
They are not modified by dynamical hadronization. We
define the running of the chiral order parameter σ0,k via
the pion two-point function as
∂tσ0,k =−

νkσ0,k +
ck
σ20,k
−1
× 1
N2f − 1
lim
p→0 Tr

δi j
δ2∂tΓk
δpiiδpi j

Φ=Φ0
,
(A20)
with the adjoint flavor indices i, j. The flow of the scalar
four-point function νk is defined as follows:
∂tνk =
1
N4f − 1
lim
p→0 Tr

δi jδkl
δ4∂tΓk
δpiiδpi jδpikδpil

Φ=Φ0
,
(A21)
with the adjoint flavor indices i, j, k, l.
The explicit symmetry breaking term c is a source term
and therefore drops out of the flow equation. The RG-
invariant coupling c¯k therefore only runs canonically,
∂t c¯k =
1
2
ηS,k c¯k . (A22)
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The meson masses are defined as the momentum inde-
pendent part of the corresponding two-point functions. For
the scalar mesons, we need the flow of mS,k which is given
by
∂tm
2
S,k =
1
N2f − 1
lim
p→0 Tr

δi j
δ2∂tΓk
δpiiδpi j

Φ=Φ0
. (A23)
We cannot define the flow of the vector meson mass pa-
rameter mV,k independently of other couplings, since we
have to either project on the ρ or the a1 mass, which gives
contributions from other couplings in the chirally broken
phase according to (10). We choose to project on the ρ
mass and find
∂tm
2
V,k =
1
4(N2f − 1)
lim
p→0 Tr
 
δµνδi j
δ2∂tΓk
δρ
µ
i δρ
µ
j
!
Φ=Φ0
−σ20,k∂t g3,k .
(A24)
The flow ∂t g3,k is defined below in (A26).
For the definition of the three-point function g1,k we
choose the ρpipi vertex and find:
∂t g1,k =
−i
2N f (N2f − 1)
lim
p→0
∂ 2
∂ p2
Tr

pµεi jk
δ3∂tΓk
δρ
µ
i (−p)δpi j(p)δpik(0)

Φ=Φ0
+σ20,k∂t
 
g1,k g2,k
m2a1,k
!
− g2,kσ0,k C˙k . (A25)
As we have discussed in Sec. III B, the elimination of the
pi−a1 mixing leads to two types of modifications of the ρpipi
vertex. The first stems from the modifications of the action
due to the replacement (17) and leads to a modification of
this vertex given by (19). The first term in the third line of
(A25) cancels the additional term in the flow to ensure that
we compute the flow of g1,k and not of (19). The second
modification stems from the scale dependence of a1 that is
introduced by (17). This leads to the second term in the
third line of (A25) which follows from (13).
We define the couplings g2,k and g3,k via the flow
∂t g2/3,k = limp→0 Tr

δµνPi jklg2/3
δ4∂t Γ˙k
δpiiδpi jδρ
µ
kδρ
ν
k

Φ=Φ0
,
(A26)
with the projection operator for g2,k
Pi jklg2 =
1
4N f (N2f + 1)
 
1
N2f − 1
δi jδkl −δikδ jl
!
, (A27)
and the projection operator for g3,k
Pi jklg3 =
1
4(N4f + 1)

1
2
δi jδkl +δikδ jl

. (A28)
The vector meson self-interactions g4,k and g5,k are de-
fined as
∂t g4,k =
−i
6N f (N2f − 1)
lim
p→0
∂ 2
∂ p2
(A29)
× Tr
pαδβγεi jk δ3∂t Γ˙k
δραi (p)δρ
β
j (−p)δργk(0)


Φ=Φ0
,
and
∂t g5,k =
1
24N f (N2f − 1)
lim
p→0 (A30)
× Tr
δαβδγδδi jδkl δ4∂t Γ˙k
δραi δρ
β
j δρ
γ
kδρ
δ
l


Φ=Φ0
.
Finally, we discuss the wave function renormalizations. As
mentioned before, in a RG-invariant formulation they enter
the flow equations only via the corresponding anomalous
dimensions (A1). The ghost anomalous dimension and the
gauge part of the gluon anomalous dimension are discussed
in Sec. III C. the quark contribution to the gluon anomalous
dimension ∆ηA,k, i.e. the vacuum polarization, is computed
from
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structures of the gauge action S[ ]. Omitting colour
and Lorentz-indices for clarity, we parametrise the quark-
gluon, three- and four-gluon and the ghost-gluon vertices
as
 
(q¯Aq)
k = Z
1
2
A,kZq,k gq¯Aq,k S
(3)
q¯Aq ,
 
(AAA)
k = Z
3
2
A,k gAAA,k S
(3)
AAA ,
 
(AAAA)
k = Z
2
A,k g
2
AAAA,k S
(4)
AAAA ,
 
(c¯Ac)
k = Z
1
2
A,kZc,k gc¯Ac,k S
(3)
c¯Ac ,
(34)
with the tensor structures S
(n)
 1... n
obtained by taking
derivatives of the classical action S with respect to the
fields entering the vertex before setting the field expec-
tation values to their vacuum expectation value and the
bare coupling to unity.
In this work, we take the two-point functions com-
puted in [28, 29],  
(2),YM
A/c,k (p) for the gluon/ghost, as input,
whose ZYMA/c,k we define similar to (12). The corresponding
anomalous dimensions are given by
⌘YMA/c,k =  
@tZ
YM
A/c,k
ZYMA/c,k
. (35)
In order to make full use of this non-trivial input we
expand the flow equation for the gluon propagator in QCD
about that in Yang-Mills theory. We use the freedom
in defining the cuto↵ function RAk , see Appendix C, to
simplify the analysis. This is done by choosing the same
prefactor ZA,k for the gluon regulator as for the vertex
parameterisations in (34). Note that the gluon propagator
enters in loop integrals with momenta p2 . k2. If we
estimate the full gluon propagator (13) with the simple
expression
GA,k(p) ⇡ 1
ZA,k p2 +RAk
=
1
ZA,k
1
p2 (1 + rB(p2/k2))
,
(36)
i.e. the p-dependence of ZA,k(p) is neglected but evaluated
at p = k, the system of flow equations considered is greatly
simplified. The error of such a simple estimate relates to
p3
✓
1
ZA,k(p2)p2 +RAk
  1
ZA,kp2 +RAk
◆n
= p3+2n
 ⇥
ZA,k   ZA,k(p2)
⇤ 
ZA,k(p2)p2 +RAk
   
ZA,kp2 +RAk
 !n
(37)
The expression in (37) occurs with powers n   1 in
the di↵erence of full flow equations and the approximated
flows with (36), and is evaluated for momenta p2 . k2.
For small momenta it tends towards zero while its value
for maximal momenta p2 ⇡ k2 is proportional to the
 ⌘A,k =
Z 1A,k
3(N2c   1)
 
@2
@p2
⇧?(p)·
48 4. Setting the stage
Vacuum polarisation of the gluon
The vacuum polarisation of the gluon has already been calculated in Ref. [89] in a one-loop
RG improved approximation and is given by
 ⌘Aq =
Nf 
1 + M¯2 
4
3
1
4⇡
↵s
   1  1
1 + e
 2⇡i +
 
1+M¯2
 
 µ¯
T¯
  1
1 + e
2⇡i +
 
1+M¯2
 
+µ¯
T¯
    . (4.33)
The equation we derive here has been studied simultaneously in the same truncation by F.
Rennecke, see [160]. Here we give the full results within our truncation and at finite chemical
potential and temperature and also include wave function renormalisations parallel Z
 
  and
perpendicular Z   to the heat bath, renormalising the zero and the vector component of the
momentum.
Figure 4.5: The vacuum polarisation of the gluon through the quark.
We implement the 3d regulator given by Eqn. (4.16). To determine the vacuum polarisa-
tion of the gluon, i.e.  ⌘ Aq , we must project onto the lhs of the flow of  
(2)
AA
@t 
(2)
AA =
⇣
Z˙
 
A 
2
n + Z˙
 
A~p
2
⌘
⇧ ,3dµ   
ab +
1
⇠
⇧ ,3dµ   
abp2, (4.34)
where the  n are the bosonic Matsubara frequencies and we want to project onto the trans-
verse component relative to the heat bath (as we are in Landau gauge there is only the
standard transverse part of the propagator but there is a transverse and a longitudinal com-
pone t with respect to the heat bath) and there we want the flow of the wave function
renormalisation proportional to the vector component of the momentum. So we have to per-
form two derivatives with respect to the momentum p at vanishing momentum. Dividing by
the negative of the wave function renormalisation we are left wit the desired contribution
to the anomalous dimension, i.e. the vacuum polarisation of the gluon by the quarks. The
rhs is simply given by the same manipulations we have just performed on the lhs and which
we then apply to the diagram given in Fig. 4.5.
So we have to derive the rhs of
 ⌘ Aq =  
1
4(N2c   1)
1
Z A
(
@2p
✓
⇧ ,3dµ   
ab
⇥  2 ⇤◆    
p=0
)
. (4.35)
and actually all we have to do is to calculate the quantity in the curly brackets. The trace
!     
p=0
di↵erence ZA,k   ZA,k(k2). Consequently, we choose
ZA,k = ZA,k(k
2) . (38)
We have checked that the di↵erence between full flows
and approximated flows is less than 5%.
Within approximation (36) and (34) the gluon propagator
only enters via the anomalous dimension ⌘A,k with
⌘A,k =  @tZA,k
ZA,k
. (39)
Most importantly, ZA,k does not appears explicitly. This
also applies to the anomalous dimension itself which is
proportional to ↵s as the only parameter. Note that
the couplings ↵s,c¯Ac,↵s,AAA,↵s,A4 occur. For now, we
neglect the di↵erence of the di↵erent vertex couplings and
conclude that
⌘A,k =
↵s,k
↵YMs,k
⌘YMA,k + ⌘A,k , (40)
where ⌘A,k is the quark contribution to the gluon anoma-
lous dimension. It is defined as
Here, p is the modulus of the external momentum and
⇧? is the transversal projection operator defined in (C2).
Note that the dots represent the full vertices and the lines
the full propagators. The crossed circle represents the
regulator insertion. For Nf = 2 and Nc = 3 we find
 ⌘A,k =
1
24⇡2
g2q¯Aq,k(1 + m¯
2
q,k)
 4
⇥ ⇥5  ⌘q,k + 8m¯2q,k   (1  ⌘q,k)m¯4q,k⇤ . (41)
Note that the Yang-Mills anomalous dimension also
contains a resummation term and its full dependence
on ↵s is of the type ↵s/(1 + c↵s). In (40) we have not
considered the change in c↵s. Also, we have checked that
the results in the matter sector do not change if taking
either ↵s,c¯Ac,↵s,AAA = ↵s,A4 in (40) in the current work.
The same local approximation can be applied to the
ghost, leading to
⌘c,k =
↵s,k
↵YMs,k
⌘YMc,k , (42)
where ↵s,k = ↵s,c¯Ac,k. This modification is used in the
equation for the ghost-gluon vertex.
Finally, this allows us to determine the ghost and gluon
(A31)
Again, the lines correspond to the full propagators and the
dots to the full vertices. The explicit equation can be found
in [12].
The quark anomalous dimension is computed from
ηq,k =
−1
8N f NcZq,k
(A32)
× lim
p→0
∂ 2
∂p2
Tr

γµpµ
δ2∂t Γ˙k
δq¯(p)δq(−p)

Φ=Φ0
,
where cont action of external color, fl vor, and spinor in-
dices is understood.
The scalar meson anomalous dimension ηS,k has to be de-
fin d via the pion-pion two-point function. Using the sigma
m son two-point function l ads to additional contributions
to the flow with couplings that correspond to a higher order
derivative expansion. We define the anomalous dimension
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for scale-independent fields as
ηS,k

φ
=
−1
2(N2f − 1)ZS,k
(A33)
× lim
p→0
∂ 2
∂p2
Tr

δi j
δ2∂t Γ˙k
δpii(p)δpi j(−p)

Φ=Φ0
.
It receives modifications from the scale dependence of a1
from the elimination of thepi−a1 mixing. The full anomalous
dimension then is
ηS,k = ηS,k

φ
− g¯2,kσ¯0,k ˙¯Ck (A34)
where the second term follows from (13). We use the rho
meson to define the vector meson anomalous dimension
and find
ηV,k =
−1
6(N2f − 1)ZV,k
(A35)
× lim
p→0
∂ 2
∂p2
Tr
 
δi jδ
µν
δ2∂t Γ˙k
δρ
µ
i (p)δρ
ν
j (−p)
!
Φ=Φ0
.
We emphasize that due to chiral symmetry the definition
of the mesonic couplings in terms of n-point functions is not
unique. We have explicitly checked that different projection
procedures give the same results as long as they are equiva-
lent by chiral symmetry. However, some caution is advised
since seemingly equivalent definitions may give different
results. The reason in those cases is that that inappropriate
projections may contaminate the flows with contributions
that are not part of the truncation. For example, a defini-
tion of νk via the sigma meson four-point function instead
of (A21) gives additional contributions from diagrams that
are related to the flow of the 6-meson interaction. Another
example is ηS,k, which is mentioned above (A33). To find
appropriate projection procedures one therefore has to keep
extended truncations, such as general field-dependent cou-
plings, in mind.
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